Geometry of bounded Frechet manifolds 

Kaveh Eftekharinasab 



Abstract 

In this paper we develop the geometry of bounded Frechet manifolds. We prove that a bounded Frechet 
tangent bundle admits a vector bundle structure. But the second order tangent bundle T 2 M of a bounded 
Frechet manifold M, becomes a vector bundle over M if and only if M possesses a linear connection. Another 
result which we prove is the existence and uniqueness of the integral curve of a vector field on M. 



1 Introduction 

In the suggestive paper [T^] , Miiller defined a new notation of differentiability, the so-called bounded differen- 
tiability, between Frechet spaces. In this definition a bounded differential operator is supposed to belong to the 
space of linear Lipschitz continuous maps which admits a topological group structure. In addition, he defined 
bounded maps (or MC fc -maps) and bounded Frechet manifolds. The most important example of such manifolds 
is the space of smooth cross sections of a differentiable fibre bundle over a compact manifold. 

Taking into account that in this setting the group of automorphisms has a topological group structure, we 
prove that bounded Frechet tangent bundles are vector bundles. This fact permits us to define a connection 
via a connection map (cf. [14], [H]). Dodson and Galanis [2] proved that in the cases of Banach manifolds and 
those Frechet manifolds which can be obtained as projective limit of Banach manifolds, in the presence of a 
linear connection the second order tangent bundle is a vector bundle. We obtain the similar result for bounded 
Frechet manifolds. Culminating with these constructions, one can define vector fields, second order vector fields 
and sprays. Inspired by the work of Lang jlOj on Banach manifolds, we prove the existence and uniqueness of 
the integral curve of a vector field. 

It turned out with some exceptions (those facts which negatively influenced by the lack of a general solvability 
theory of ordinary differential equations) many results of the geometry of Banach manifolds can be worked out for 
bounded Frechet manifolds. We should mention why these manifolds are important. The formulated approach 
which leads to construct such manifolds provides valuable tools to obtain new results which would be impossible 
to prove for usual Frechet manifolds. For example, in [3] it was obtained the Sard's theorem and as we shall see 
we are able to define local geometric structures such as linear connection via a connection map. The defined 
connection for Frechet manifolds (see [8]) does not imply that the Christoffcl symbol T a : (p a {U a ) — ► L(F x F; F) 
is a tensor field (see [13]). Therefore, we need stronger definition (via a connection map) to prove that the 
curvature and torsion are tensors. 
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2 Prerequisites 



Our main reference for basic definitions and constructions regarding infinite dimensional manifolds is the 
book of Lang [TU]. Although we use the terminologies of [2], we fix the following notations which we use 
frequently throughout this paper. We denote by (F, d) a Frechet space whose topology is defined by a complete 
translational-invariant metric d. We set || / \\d : = d(f,o) for / e F and write L.f instead of L(f) when L is a 
linear map. 

We are particularly interested in metrics with absolutely convex balls since many theorems are true just for 
this type of metrics; such metrics are called standard. Note that every Frechet space admits a standard metric 
defining its topology: If a n is an arbitrary sequence of positive real numbers converging to zero and p n is any 
sequence of continuous semi-norms defining the topology of F, then 

Pn(e - f) 



d a , P (e,f) = supav. 



l + p„(e-/) 



is a metric on F with absolutely convex balls which defines its topology. 

Suppose (E,g) is another Frechet space. Let C g>c i{E,F) be the set of all globally Lipschitz linear maps, i.e. 
maps L : E — » F such that for them: 

II r II II L - X \U 
\\L\\g,d= SUp — 1| — < oo. 

xeE\{0} II X \\g 

We abbreviate C g {E) = C 9t g(E,E) and write || L \\ g = || L \\ g g for L e C g (E). If d is a standard metric, then 

B gA : C g . d {E, F) x C g4 {E, F) — [0, oo) : (L,H)~\\L-H \\ g , d (1) 

is a translational-invariant metric on Cd, g (E, F) making it into an Abelian topological group; it is not a topologi- 
cal vector space in general, but a locally convex vector group with absolutely convex balls. We define inductively 
vector groups cffi&E) ■■= (F, C gd {F, E)). 

Convention. The terms bounded Frechet tangent bundle and bounded Frechet second order tangent bundle 
are too long, therefore, we drop the terminology "bounded Frechet" . 



3 Constructions of TM and T 2 M 

We will need to consider the space all globally Lipschitz fc-multilinear maps. We always equip the topological 
product of countably many Frechet spaces with maximum metric. 

Let (F%, di), . . . , {Fk,dk) and (F, d) be Frechet spaces. The space of all globally Lipschitz fc-multilinear maps, 
denoted by Cd 1 ....d k ,d(Fi, . . . , F^; F), is the space of all fc-multilinear maps L : F\ x . . . x Fk — > F such that for 
all fi e F % , 1 s= i < k, 

II L \\d 1 ,...,d k ,d = SUp i — — 1| , |, < co /i, . . . ,/ fe ^ \. 

{ II h IUi ••• II h \\d h ) 

If d is the standard metric, again we define on the above space a metric D,i ±t ,,,,d h ,d(L,H) =|| L — H \\ dl d k ,d 

which makes it into an Abelian topological group. 

In the next lemma we suppose d±, . . . , dk, d are fixed and omit the indices to simplify the notations. 
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Lemma 3.1 (Cartesian closedness ). There are canonical topological group isomorphism 



C(F 1 ,C(F 2 , ... t F k ;F))^C(F lt ... F k ; F) 

^C(F 1 ,...,F k _ 1 ;C(F k ,F)) 
^C(F h ,...,F ik ;F) 

where . . . , i k ) is a permutation of (1, ... ,k). 
Proof. Define 

K : C(F!,C(F 2 , F k ;F)) -»£(*!,... F k ;F) 
K(L(f 1 )(f 2 , ...,f k ))= L(fi, f k ). 

The association L >—> L is linear and group isomorphism. Since K is linear to prove continuity of K and its 
inverse we only need to show |j L \\ = \\ L ||. By straightforward verification we have: 

||L|| = Bup{||L(/ 1 )(/ a ,...,/ fc ) || | || /i || < 1 || A || < 1} 

= SUP { || £(/!,..., fk) || I || fl \\<l,...,\\fk Hi 

= II K{L) = L || . 

Likewise, other isomorphisms are proved. □ 



Tangent bundle. Let M be a bounded Frechet manifold modeled on a Frechet space F with standard metric. 
Let MCp(M) be the set of all MC m - mappings / : M — > M which send zero to p e M. We define on MC P (M) 
an equivalence relation ~ as follows: Let $ = {(U a , <p a )}aeA be a compatible atlas for M and let r be a fixed 
natural number. Let f,jj£ AiC p (M) and suppose (p e U a ,ip a ) is an admissible chart. We say that / and g are 
equivalent and write / ~ g if they satisfy the following: 

(tp a o/)'(0) = (cp a o^)'(0), • • • , (<p a 0/7(0) = (cp a o#) r (0), (2) 

where r runs over the set of natural numbers, but we will restrict ourself to the cases r = 1 and r = 2. It follows 
from the chain rule for MC -maps (see [71 Lemma B.l (f)]) that the equivalency at a point p is well defined. 
An equivalent class containing a mapping / e _MC P (M) is called r-jet of / at p and is denoted by j p f. 

Let TM be the set of all 1-jets of M and let ttm ■ TM — > M be a natural projection. If the topology of TM 
is transformed via ttm to each 1-jet, then TM is called tangent bundle over M . The fibre tt~^ (p) is the tangent 
space T p (M). Let f : M —* N be an AfC fc -map of manifolds. The tangent map Tf : TM ->■ T7V is defined by 
Tf(j 1 p (f))=J 1 m (fof). 

We need the following basic facts to construct a trivializing atlas and a vector bundle structure for TM: 

Lemma 3.2. (i) Let f : M N and g : N K be MC k -maps of manifolds. Then T(f o g) =Tgo Tf. 

(ii) If f : M —* N is an MC k -diffeomorphism, then Tf : TM — > TN is a bijection and (Tf) -1 = T(/ _1 ). 

(Hi) Let f : U <^E^>V<^Fbea diffeomorphism of open sets of Frechet spaces. The tangent map 
Tf : U x F — > V x E is a local vector bundle isomorphism. 

(iv) If f : U cz E — > V c F is an MC k -diffeomorphism, then Tf is an MC k ~ 1 -diffeomorphism. 
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Proof, (i) go f is MC k ( [3 Lemma B.l (f)]). Furthermore, 

T(g o f)(jlf) = 3\ g o fm {9 0/°/)= Tg{ 3 } {p) ){f of) = (Tg o Tf)(J^f). 

(ii) By the previous part and definition of the tangent map, Tf o Tf^ 1 = TidrN while Tf^ 1 o Tf = TidxM- 

(iii) Tf is a local vector bundle morphism. Since / is diffeomorphism it follows that (Tf)^ 1 = T(f~ 1 ) is a 
local vector bundle morphism, thus Tf is a vector bundle isomorphism. 

(iv) Let C be a curve passing through u e U such that DC(0)-1 = e for given e e F. Define the map 
rj(t) Eby r](t) = u+et which is tangent to C at t = 0. Define A : UxF -> T„Af by A(w, e) = (17(f)). 
We have (T/ o A)(«, e) = Tf-fi^t)) = j) (u) (/ o 77(f)). Also we have (Ao/')(u,e) = A(/(u), D /(«)• e) = 
//(«) (/( u ) + (D f( u )- e )^)- These are equal because the curves f 1— > / (tt + ef) and f 1— » /(u) + (D /(tt). e)f 
are tangent at 0, by the definition of the derivative and previous parts. Therefore, Tf o A = A o /' which 
means A identifies U x E and T U M correspondingly we can identify /' and Tf. Thus, the previous parts 
imply the Statement (iv). 

□ 

Proposition 3.1. Let ttm ■ TM — > M be a tangent bundle. Then the atlas {{U a , <p a )}aeA gives rise to a 
trivializing atlas {(irJj(U a ),T(p a )} a€ _A on TM, with 

T Va : 7r^(U a ) - <p a (U a ) xF:jl{f)~ (<p a (p), {<p a o/)'(0)); / e MC P (M). 
XTizs makes TM into a bounded Frechet manifold modeled on F x F . 

Proof. It follows from Lemma 15721 □ 

The definition of vector bundle for Banach manifolds applies to bounded Frechet manifolds with evident 
modifications (see [10]). Note we can define the vector bundle since Aut(F) is a topological group ([7j Proposition 
1.2 (f)]). 

Theorem 3.1. TM admits a vector bundle structure over M with fiber of type F and structure group Aut(-F). 

Proof. Consider the above atlas of M and its corresponding trivializing atlas for TM. Let 7rri,7rr2 be the 
projections to the first and the second factors, respectively. For all a e A we have 7rri oT<p a = t:m, therefore 
TM is a fibre bundle. Suppose U a nUp ¥= 0, then by Lemma 13.21 (iii) the overlap map 

T<p a o T^ 1 : <p p (U a nU p )xF^ <p a (U a nU p )xF 

is a local vector bundle isomorphism. Thereby, the transition maps Q a /3 = Tip a o Tip^ 1 can be considered as 
taking values in Aut(F). The following 

U a nUp^ Aut(F) : p -» (vrr 2 o<P a \ TpM o^" 1 \ TpM ) 

is a smooth morphism, hence all conditions of Proposition 1.2 in |10| are verified. Thus, TM is a vector bundle 
over M. □ 
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Second order tangent bundle. Now that TM is a manifold we can define higher order tangents. Assume 
r = 2 in Conditions ©. Then T 2 M = and T 2 M = [\ M TgM is the second order tangent bundle over M. 
Again by virtue of Lemma ET21 we have a trivializing atlas {{^\^{^^{U a ))-,^a)}aeA f° r T 2 M with 

S a : n^ M (7r^(U a )) - <p a {U a ) x F : j 2 (f) - fo> a (p), °/)"(0)); / e MC P (M). 

T 2 M can be identified with F x F under isomorphism: 

: TpM —* F x F : j 2 (f)^ {{<p a o/)'(0), fo> Q o/)"(0)), 

but fails to be a vector bundle over M because the trivializing isomorphism does not respect the linear structure 
of the fibres. A submersion tt 12 : T 2 M — > TM defined by ifwijpif)) = ji(f) is a vector bundle. Let 7r 2 : 
T(TM) — » TAf be an ordinary tangent bundle over TM. The space T 2 M coincides with 

{T e T(TM) | tt 2 (T) = Tttm(T)} , (3) 

and can be identified with a submanifold of T(TM), see [TTJ Proposition 3.2, p. 372 ]. The bundle T(TM) is a 
fibre bundle over M with the projection 7r 2 := ttm Tttm- The restriction it 2 \t 2 m'- T 2 M — > M is again a fibre 
bundle. 

Let TTi : N{ — > M, (i = 1,2), be fibre bundles with the same group structure Aut(F). The fibre product is 
defined as usual. The bundle T(N\ x i\r 2 ) is canonically isomorphic to T(iVi) x T(A r 2 ), with structure group 
Aut(i 7 ' x i 71 ). Furthermore, since TiV^ are vector bundles their product is Whiteny sum TN\ ®TN 2 (see 

4 Connection 

For usual Frechet manifolds we can not define connections by using Vilms [15] point of view for connection 
on infinite dimensional vector bundles because there is no topological group structure on the space of linear 
continuous maps. One possible way to define connections is by representing Frechet manifolds as projective 
limit of Banach manifolds by requiring the geometric structures to carry through as projective limits (for a 
survey cf . pQ ) . Another way which we use in this paper is based on the metric approach formulated in |12) . 
Henceforth, we follow the formalisms of Section [3] for tangent bundles and second order tangent bundles. 

Definition 4.1. A smooth connection map K, for the tangent bundle txm : TM — > M is a smooth bundle 
morphism K, : T(TM) — > TM such that there exist smooth maps T a : ip a (U a ) x F — > Cd{F) which give the local 
representatives of K by 

K a ■= <P a o K, o ($ a )- 1 :<p a (U a ) x F x F x F -> tp a (U a ) x F, 
K. a (f, g, h, k) = (/, k + r a (f, g) ■ h) 

Cd{F) is topologized by the Metric ([1]). 

A connection on M is a connection map on the tangent bundle ttm : TM — > M. If M admits smooth 
partition of unity, then there exits a connection map. 

A connection JC is linear if and only if it is linear on the fibres of the tangent map. Locally Tir is the 
map U a x F x F x F — > U a x F defined by TTr(f,^,h ) j) = (f,h), hence its fibres are locally the spaces 
{/} x F x {h} x F. Therefore, JC is linear on these fibers if and only if the maps (g, k) >-» k + r a (f,g)h are 
linear, that is the mappings r a are linear with respect to the second variable. 
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Assume that the connection JC is linear and / e U a . By canonical isomorphism (Lemma I3.1[) to r a (f, . ) e 
C(F,C(F,F)) is associated the unique local Christoffel symbols T a (p) : ip a (U a ) — » C{F x F;F) satisfying 
F a (p)(g,h) = T a (p,g)h. Christoffel symbols satisfy the following compatibility condition (cf. [5]): 

r a (e a/9 (/))(D QcpifM, d e^(/)(ft)) + (d 2 e a/3 (/)(/*))(<?) = d e a/3 (/)(i> (/)(«?, /*)) (4) 

for all (/, g, h) e tp a (U a nUp) x F x F. Here Q a p are the transition maps and D, D 2 are the first and the second 
differential, respectively. 

Theorem 4.1. Every linear connection on M induces a vector bundle structure on ir 2 \t 2 m : T 2 M — > M and 
gives rise to an isomorphism of this vector bundle with the vector bundle TM ®TM . 

Proof. If we have a connection, then the connection map K, : T(TM) — > M is defined. The following map 

7T 2 © K © Tn M : T(TM) — TM © TM © TM (5) 

is diffeomorphism (see [5]). The diffeomorphism determines a unique vector bundle structure for T(TM) over 
M. Let (U a , f a ) be a chart of M . The induced chart {{km (U a ) , Tip a )} in TM takes a vector bundle structure 
by means of the Diffeomorphism ©. Let i : TM © TM TM © TM © TM be the natural isomorphism. Since 
T 2 M is a submanifold of T(TM) consisting of tangent vectors T such that ^(T) = T7Tm(T), it follows that 
the inclusion % is the isomorphism onto (712 © /C © Titm)(T 2 M), thus 

i' 1 o (7T 2 © K © Ttt m )(T 2 M) = tt 2 © K{T 2 M). 

Hence the diffeomorphism 

tt 2 © £ : T 2 M TM © TM (6) 

gives the structure of a vector bundle to T 2 M . Since T 2 M is isomorphic to TM (BTM , it can be considered as 
a vector bundle with group structure Aut(T x F). □ 

The proof of the following theorem resembles to that of Banach manifolds (see Theorem 2.4]). We just 
give literally the scheme of proof. 

Theorem 4.2. IfT 2 M admits a vector bundle structure isomorphic to TM (BTM, then there exists a linear 
connection on M. 

Proof. Let {(7T _1 (C/ Q ), ^a)} aeA be a trivializing atlas of T 2 M. By hypothesis £l a , P = Q a , P x ^a,pj where 
fi^ p : 7T^f (p) — > F. Let ([/, 1?) be an arbitrary chart such that U £ C/ Q . Define J? Q = i? o (fij, p ° (D x 
Then define the Christoffel symbols as fallows: 

r a (y)(«,«) = nl P (f p f) - (n a o/)"(o), v e i? Q (c/ Q ), 

where / is the representative of the vector u. We demand that Christoffel symbols to be linear. They satisfy 
the Condition (j!]) and hence determine a linear connection on M. □ 

As asserted in [14] . each linear connection of a trivial Banach vector bundle corresponds in bijective way to 
an ordinary differential equation in Banach spaces. The same can be proved in our case: 

Proposition 4.1. Each linear connection of the trivial vector bundle (M x F, M, pri) corresponds bijectively 
to an ordinary differential equation % = Ait) ■ x. 
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Proof. Keep the above formalism for connections. Suppose a linear connection is given. Let (U a ,<p a ) and 
(Up, ipp) be charts in M. Define a map 

(U a )^£ d (F):t~r a (t){;l M ). (7) 

Let Ap be a map defined as above corresponds to (Up, ipp). If U a n Up ^ 0, then the compatibility conditions 
imposes the following 

Ap(t) = (tp a o tp^)\t) ■ A a (ip a o ip- 1 ). (8) 

In particular, we set A = A% : M — » Cd(F) when the atlas is (M,idAf) with Christoffol symbol Fi. Letting 
a = 1 in ([5) yields 

4 /5 (f) = (^ 1 )'(*)-^ 1 )- (9) 

Now we can define 

dx 

— =A(t)-x; [A(t)](u) =T l (t)(u,l M )^ue F. 

Conversely, for a given equation 4| = .4(f) • x we define smooth maps Ap(t) by Equation ©. Now we define 
the Christoffol symbols T a (t)(u, s) = s ■ [A a (t)](u). By @ the defined Christoffcl symbols satisfy compatibility 
condition, therefore, defined symbols determine a linear connection on (M x F, M, pri). 

□ 



5 Vector fields on TM 

A vector filed on M is a cross section £ : AT — * TM of its tangent bundle, i.e. 7Tm £ = idM- Let J be an 
open interval in K. An integral curve of £ at a point po is a curve £ : I —* M passing through po such that 
£'(t) = £(£(t)) for each f. For a vector field £ and a chart [/cM-^» y(^) c -P\ the principle part f v : </?(£/) — » F 
of £ defined by £<p((fi(p)) = pr2 oTip(£ p ). A curve e(f) on M is an integral of £ if o e)'(f) = d<p(<p ° e(f))- Note 
that by our definition of differentiability £'(t) = D^^Ir). 

Proposition 5.1. Let U <= F be open and let £ : U ^ F be an MC k ,k > 1. Then for po e U, there is an 
integral curve £ : I — > F atpg. Furthermore, any two such curves are equal on the intersection of their domains. 

Proof. Since £ is MC k then its is bounded, say by R. Pick a positive real number r such that B r (po) c= JJ and 
II £(p) \\d^ L for all p G B r (po). Let m = min{l/i?, r/L] and let to be a real number. We shall show that there 
is a unique MC 1 curve £(t), f e [f o — m, to + m] such that it lies in B r (po) and 

£'(t) = mt)), ec*o)=Po. (io) 

The Conditions (fTOj) are equivalent to the integral equation 

e(t) =po+\ i(i(u))du 

Jto 

Now define £ n (t) by induction 

4(f) = PO, £n + l(t) = PO + f £(4»(«))<*«- 

Jt 
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The estimation on the size of integral(see 7 , Lemma 1.10]) yields £ n (t) e B r (po) for all n and t e [to — m, to + m]. 
Furthermore, 

T P n 
(n + 1)! 

Therefore, converges uniformly to a continuous curve £{t) satisfying (fTU|) . Now let j(f) be another curve 
satisfying the Conditions (|10p . By induction we obtain 

T P n 
(n + 1)! 

Therefore, when n — ► oo the two curves ^(i) and j(i) are equal; this proves the uniqueness. 

□ 

Lemma 5.1. Suppose the hypotheses of the previous proposition hold. Then there is an open neighborhood Uq 
ofpo, and a positive real number a such that for all q e Uq there exists a unique curve £(t) = T t (q) : (—a, a) — > F 
satisfying £'(t) = £,(£{t)) for all t e (—a, a), and £(0) = q. 



Proof. Suppose Uq = B r / 2 (po) and a = min{l/i?, r/2L}. Let go be a fixed point in Uq. Then B r / 2 (qo) c 5 r (po)> 
thereby || £(g) |[ e j< i for all g e B r / 2 (qo). By Proposition 15 . 1 1 for all £ e (—a, a) there exists an integral curve 
£{t) such that £{{)) = q. □ 

Theorem 5.1. Let £ : M — » TM &e a vector filed. Then there exits an integral curve for £ at p e M. 
Furthermore, any two such curves are equal on the intersection of their domains. 

Proof. The existence follows from Proposition 15.11 by means of local representation. But this is not applicable 
for the prove of uniqueness as curves may lie in different charts. Let pi(t) : Ii — > M be two integral curves. Let 
I = I\ n I 2 and let J = {t e / Pi(t) = ^2 (*)}■ Since M is Hausdorff J is closed. By Proposition 15 . II there exists 
(3 > such that p(i) = pi(t) on (—(3,(3). Now define <5i(u) = + i) and ^(tt) = p2(w + t) for t e J. They 
are integral curves with initial conditions pi(t) and P2(t), respectively. By Proposition 15.11 thev coincide on a 
some neighborhood of 0, therefore, J contains an open neighborhood of t, so J is open. Since I is connected it 
follows that J = I. 

□ 
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